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Outline

@ Lecture 1 : Introduction
e History
e Two physical problems : Heat equation & Vibrating string
o Convergence of Fourier series
e Some elementary properties of Fourier series & Fourier transform
o What about other PDEs ?

@ Lecture 2 : Nonlinear Schrodinger equation |

o Function spaces using Fourier series
e Cauchy problem

@ Lecture 3 : Nonlinear Schrodinger equation |l

e Motivation from the wave turbulence theory
e Long time behavior (possible growth of solutions)
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History

Fourier series

Fourier transform

°
°
@ Discrete Fourier transform
@ Fast Fourier transform

°

Joseph Fourier (1768-1830).
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Fourier series

Fourier transform

°
°
@ Discrete Fourier transform
@ Fast Fourier transform

°

F(x) = % +3 " (ancos (nx) + bysin (nx))

n=1
Joseph Fourier (1768-1830).

The Fourier series is named in honor of Joseph Fourier(1768-1830), who made
important contributions to the study of trigonometric series.

Fourier introduced the series for the purpose of solving the heat equation in a
metal plate, publishing his initial results Mémoire sur la propagation de la chaleur
dans les corps solides in 1807.
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History

Evolution of MATLAB Logo by Heat equation

The heat equation is a partial differential

equation
oT PT :
E (X? t) a 2 (X t) 0 ~_

Question : How to solve it ?

Heat equation
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History

Evolution of MATLAB Logo by Heat equation

The heat equation is a partial differential
equation "

oT 0?T g
a0 =galet o

Question : How to solve it ?

Heat equation

Prior to Fourier's work, no solution to the heat equation was known in the general
case, except some particular cases, e.g. heat source is a sine/ cosine wave.
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History

Evolution of MATLAB Logo by Heat equation

The heat equation is a partial differential
equation

oT 02T .
E(X’ t) = E¥ (x,t)

Question : How to solve it ?

Heat equation

Prior to Fourier's work, no solution to the heat equation was known in the general
case, except some particular cases, e.g. heat source is a sine/ cosine wave.

The theory of the heat equation was first developed by Fourier in 1822.

His idea was to model a complicated heat source as a linear combination of simple
sine/cosine waves, and to write the solution as a linear combination of the
corresponding eigensolutions. This linear combination is called the Fourier series.
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Two physical problems

@ |. String vibration

String vibration

@ |I. Heat equation

Evolution of MATLAB Logo by Heat equation




Convergence of Fourier series

When we use the method of separation of variables to solve PDE, we represent a
periodic function f by a trigonometric series of the form

f(x) = i ay cos(kx) + by sin(kx).
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Convergence of Fourier series

When we use the method of separation of variables to solve PDE, we represent a
periodic function f by a trigonometric series of the form

f(x) = i ay cos(kx) + by sin(kx).

Using Euler's identity, e = cos(kx) + isin(kx), the

problem is transformed into studying the representation of
f by

f(X): Z Cke27rikx

k=—o00

Euler (1707-1783)

Autour des séries de Fourier et EDPs nonlinéaires

31/08/2022-01/09/2022 6/13



Convergence of Fourier series

When we use the method of separation of variables to solve PDE, we represent a
periodic function f by a trigonometric series of the form

X) = Z ay cos(kx) + by sin(kx).
k=0

Using Euler's identity, e = cos(kx) + isin(kx), the
problem is transformed into studying the representation of

f by
o
Z Ck627rikx

k=—o00

Euler (1707-1783)

If f:R/Z—Cis an absolutely integrable function, its
Fourier coefficients f : Z — C are defined by the formula

F(k) = / f(x)e 2™k dx.
R/Z

The trigonometric series with these coefficients,
7 f(k)e* % is called the Fourier series of f. Fourier (1768-1830)
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Convergence of Fourier series

Question : When and in what sense the series 3, _, f(k)e>™™* represents the
function f 7
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Convergence of Fourier series

Question : When and in what sense the series 3°, _, f(k)e?™**

represents the
function f 7

Consider the partial summation operators
= ) f(k)ermix,
|k|<N
Dirichlet wrote the partial sums as follows :

(SNf (X Z 27rlk></ f(_y —27rlkydy

|k|<N

= /0 1 fly) Y " dy = (Dy = f)(x) ‘

|k|<N

Dirichlet (1805 - 1859)
where Dy is the Dirichlet kernel

Z e27rlky sm (2N+ 1)_)/)

o< sin(my)
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Convergence of Fourier series

Two criteria for pointwise convergence.

1. Dini's Criteria
If for some x there exists § > 0 such that

/ |M|dt <00
|t|<d t ’

then

Nlﬂjloo SNf(X) - f(X) Dini (1845 - 1918)

2. Jordan's Criteria

If f is a function of bounded variation in a neighborhood
of x, then

im_Suf() = 5 (FGet) + F(x-)

N— oo

Jordan (1838 - 1922)
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Theorem (Riemann Localization Principle) o =)

If f is zero in a neighborhood of x, then

NII—r>noo SNf(X) = 0.

Riemann (1826 -1866)
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Theorem (Riemann Localization Principle) o =)

If f is zero in a neighborhood of x, then

NII—r>noo SNf(X) = 0.

Riemann (1826 -1866)

Theorem (Riemann-Lebesgue Lemma)

If f € LX(T) then

lim f(k) =0.

|k|— o0

Lebesgue (1875-1941)
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Theorem (Riemann Localization Principle) o =)

If f is zero in a neighborhood of x, then

NII—r>noo SNf(X) = 0.

Riemann (1826 -1866)

Theorem (Riemann-Lebesgue Lemma)

If f € LX(T) then

lim f(k) =0.

|k|— o0

Lebesgue (1875-1941)

If f satisfies a Lipschitz-type condition in a neighborhood
of x, then Dini's criterion applies.
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Theorem (Riemann Localization Principle) o =)

If f is zero in a neighborhood of x, then

NII—r>noo SNf(X) = 0.

Riemann (1826 -1866)

Theorem (Riemann-Lebesgue Lemma)

If f € LX(T) then

lim f(k) =0.

|k|— o0

Lebesgue (1875-1941)

If f satisfies a Lipschitz-type condition in a neighborhood
of x, then Dini's criterion applies.

What if f is continuous?
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Theorem (Riemann Localization Principle) o =)

If f is zero in a neighborhood of x, then

NII—r>noo SNf(X) = 0.

Riemann (1826 -1866)

Theorem (Riemann-Lebesgue Lemma)

If f € LX(T) then

lim f(k) =0.

|k|— o0

Lebesgue (1875-1941)
If f satisfies a Lipschitz-type condition in a neighborhood
of x, then Dini's criterion applies.
What if f is continuous?

P. du Bois-Reymond proved that there exists a continuous

function whose Fourier series diverges at a point.
P. du Bois-Reymond (1831-1889)
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Convergence of Fourier series

Two types of convergence :
@ Question 1 : Does Nlim |Snf — fllp =0 for f € LP(T) ?
—00

(Convergence in norm is relatively easy)
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Convergence of Fourier series

Two types of convergence :
@ Question 1 : Does Nlim |Snf — fllp =0 for f € LP(T) ?
—00

(Convergence in norm is relatively easy)
@ Question 2 : Does Nlim Snf(x) = f(x) almost everywhere if f € LP(T)?
— 00

(Significantly harder)
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Convergence of Fourier series

Two types of convergence :
@ Question 1 : Does Nlim |Snf — fllp =0 for f € LP(T) ?
—00
(Convergence in norm is relatively easy)
@ Question 2 : Does Nlim Snf(x) = f(x) almost everywhere if f € LP(T)?
— 00

(Significantly harder)

Theorem (Almost everywhere convergence)

e (Kolmogorov, 1923). There exists f € L}(R/Z) such
that Snf(x) is unbounded in N for almost every x.
o (Carleson, 1966, conjectured by Lusin, 1913) For
every f € L2(R/Z), Syf(x) converges to f(x) as
N — oo for almost every x.
@ (Hunt, 1967). For every 1 < p < oo and
f € LP(R/Z), Snf(x) converges to f(x) as N — oo
for almost every x.

Kolmogorov (1903-1987)

Carleson (1928-)
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Some elementary properties

Given a function f € L1(R), the following is a list of properties of the Fourier
transform:

@ linearity : (af/-|—\,6’g) =af + Bg
o Riemann-Lebesgue : lim (&) =0

€] —o00
o ||flloe < ||f]li2 and f is continuous.

° @ = fg
o O.f (&) = 2mitf(¢)
Reference :

o Fourier analysis by Javier Duoandikoetxea.

e Fourier analysis : an introduction by Elias M. Stein & Rami Shakarchi.
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Other PDE

Nonlinear Schrédinger equation (NLSE)

i0;u + Au = |ul?u, u(x,t) € C,x € T2

@ Propagation of wave in fiber optics

Autour des séries de Fourier et EDPs nonlinéaires 31/08/2022-01/09/2022



Other PDE

Nonlinear Schrédinger equation (NLSE)

i0;u + Au = |ul?u, u(x,t) € C,x € T2

@ Propagation of wave in fiber optics

@ Evolution of the envelope of modulated wave groups in water wave
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Other PDE

Nonlinear Schrédinger equation (NLSE)

i0;u + Au = |ul?u, u(x,t) € C,x € T2

@ Propagation of wave in fiber optics
@ Evolution of the envelope of modulated wave groups in water wave

@ In quantum mechanics, the 1D NLSE is a special case of the classical
nonlinear Schrodinger field, which in turn is a classical limit of a quantum
Schrodinger field.
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Other PDE

Nonlinear Schrédinger equation (NLSE)

i0;u + Au = |ul?u, u(x,t) € C,x € T2

@ Propagation of wave in fiber optics
@ Evolution of the envelope of modulated wave groups in water wave

@ In quantum mechanics, the 1D NLSE is a special case of the classical
nonlinear Schrodinger field, which in turn is a classical limit of a quantum
Schrodinger field.

Question :
@ Cauchy theory?
@ Long time behavior?
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A demain !
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