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History

Joseph Fourier (1768–1830).

Fourier series

Fourier transform

Discrete Fourier transform

Fast Fourier transform

...

f (x) =
a0

2
+
∞∑
n=1

(an cos (nx) + bn sin (nx))

The Fourier series is named in honor of Joseph Fourier(1768–1830), who made
important contributions to the study of trigonometric series.

Fourier introduced the series for the purpose of solving the heat equation in a
metal plate, publishing his initial results Mémoire sur la propagation de la chaleur
dans les corps solides in 1807.
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History

The heat equation is a partial differential
equation

∂T

∂t
(x , t) =

∂2T

∂x2
(x , t)

Question : How to solve it ?

Heat equation

Prior to Fourier’s work, no solution to the heat equation was known in the general
case, except some particular cases, e.g. heat source is a sine/ cosine wave.

The theory of the heat equation was first developed by Fourier in 1822.

His idea was to model a complicated heat source as a linear combination of simple
sine/cosine waves, and to write the solution as a linear combination of the
corresponding eigensolutions. This linear combination is called the Fourier series.
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Two physical problems

I. String vibration

String vibration

II. Heat equation

Heat equation
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Convergence of Fourier series

When we use the method of separation of variables to solve PDE, we represent a
periodic function f by a trigonometric series of the form

f (x) =
∞∑
k=0

ak cos(kx) + bk sin(kx).

Using Euler’s identity, e ikx = cos(kx) + i sin(kx), the
problem is transformed into studying the representation of
f by

f (x) =
∞∑

k=−∞

cke
2πikx

Euler (1707-1783)

If f : R/Z→ C is an absolutely integrable function, its
Fourier coefficients f̂ : Z→ C are defined by the formula

f̂ (k) :=

∫
R/Z

f (x)e−2πikxdx .

The trigonometric series with these coefficients,∑
k∈Z f̂ (k)e2πikx is called the Fourier series of f . Fourier (1768–1830)
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Convergence of Fourier series

Question : When and in what sense the series
∑

k∈Z f̂ (k)e2πikx represents the
function f ?

Consider the partial summation operators

SN f (x) :=
∑
|k|<N

f̂ (k)e2πikx .

Dirichlet wrote the partial sums as follows :

(SN f )(x) =
∑
|k|<N

e2πikx

∫ 1

0

f (y)e−2πikydy

=

∫ 1

0

f (y)
∑
|k|<N

e2πik(x−y)dy = (DN ∗ f )(x)

where DN is the Dirichlet kernel
Dirichlet (1805 - 1859)

DN(y) =
∑
|k|<N

e2πiky =
sin(π(2N + 1)y)

sin(πy)
.
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Convergence of Fourier series

Two criteria for pointwise convergence.

1. Dini’s Criteria
If for some x there exists δ > 0 such that∫

|t|<δ

∣∣ f (x + t)− f (x)

t

∣∣dt <∞,
then

lim
N→∞

SN f (x) = f (x).
Dini (1845 - 1918)

2. Jordan’s Criteria
If f is a function of bounded variation in a neighborhood
of x , then

lim
N→∞

SN f (x) =
1

2

(
f (x+) + f (x−)

)
Jordan (1838 - 1922)
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Theorem (Riemann Localization Principle)

If f is zero in a neighborhood of x, then

lim
N→∞

SN f (x) = 0.

Riemann (1826 -1866)

Theorem (Riemann-Lebesgue Lemma)

If f ∈ L1(T) then

lim
|k|→∞

f̂ (k) = 0.

Lebesgue (1875-1941)

If f satisfies a Lipschitz-type condition in a neighborhood
of x , then Dini’s criterion applies.

What if f is continuous?

P. du Bois-Reymond proved that there exists a continuous
function whose Fourier series diverges at a point.

P. du Bois-Reymond (1831-1889)
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Convergence of Fourier series

Two types of convergence :
Question 1 : Does lim

N→∞
‖SN f − f ‖p = 0 for f ∈ Lp(T) ?

(Convergence in norm is relatively easy)

Question 2 : Does lim
N→∞

SN f (x) = f (x) almost everywhere if f ∈ Lp(T)?

(Significantly harder)

Theorem (Almost everywhere convergence)

(Kolmogorov, 1923). There exists f ∈ L1(R/Z) such
that SN f (x) is unbounded in N for almost every x.

(Carleson, 1966, conjectured by Lusin, 1913) For
every f ∈ L2(R/Z), SN f (x) converges to f (x) as
N →∞ for almost every x.

(Hunt, 1967). For every 1 < p ≤ ∞ and
f ∈ Lp(R/Z), SN f (x) converges to f (x) as N →∞
for almost every x.

Kolmogorov (1903-1987)

Carleson (1928- )
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Some elementary properties

Given a function f ∈ L1(R), the following is a list of properties of the Fourier
transform:

linearity : ̂(αf + βg) = αf̂ + βĝ

Riemann-Lebesgue : lim
|ξ|→∞

f̂ (ξ) = 0

‖f̂ ‖∞ ≤ ‖f ‖L1 and f is continuous.

f̂ ∗ g = f̂ ĝ

∂̂x f (ξ) = 2πiξ f̂ (ξ)

Reference :

Fourier analysis by Javier Duoandikoetxea.

Fourier analysis : an introduction by Elias M. Stein & Rami Shakarchi.
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Other PDE

Nonlinear Schrödinger equation (NLSE)

i∂tu + ∆u = |u|2u, u(x , t) ∈ C, x ∈ T2.

Propagation of wave in fiber optics

Evolution of the envelope of modulated wave groups in water wave

In quantum mechanics, the 1D NLSE is a special case of the classical
nonlinear Schrödinger field, which in turn is a classical limit of a quantum
Schrödinger field.

Question :

Cauchy theory?

Long time behavior?
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À demain !
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